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STRESSES IN REINFORCING RINGS DUE 10 AXIAL FORCES 
IN CYLINDRICAL AND CONICAL STRESSED SKINS* 
By K. Dresohor and E. Groplor 

At the ends of a monocoquo fuselage concentrated ax- 
ial foroes in the elcin must generally "be taken up. Such 
axial forces must also "bo taken up in the case of other 
mombors whore axial forces from the neighboring strossod 
skin construction must do considered. In order to tako up 
the so axial forcos two bulkhoads or reinforcing framos may 
bo arrongod at the positions xrhoro the forces are appliod. 
If these bulkheads are in tho form of rings, bonding momonts 
aro oot up in thorn. In tho prosent papor computations aro 
porformod for obtaining the valuo of thoso bending moments. 
It is aosumod that tho stroBsed skin is cylindrical or con-' 
leal and that itB cross sootion is circular or elliptical* 
(Seo in this oonnootion, H. Wagner (reforonoo l).) 

I. INTRODUCTION 



When it is roquirod to tako up axial loads in a strossed 
skin structure - for example* a monocoquo fusolage - two 
reinforcing frames aro commonly attached at the positions 
where those loads aro to be taken up. How tho loads and tho 
resulting stresses arc doterminod, is well known although 
tho actual carrying out of a complete computation is quito 
tedious. This is espocially true where the frames are to 
be in the form of rings, in which case the computation is 
statically indeterminate. In order to lighten this task 
for the practicing designer, the bending moments set up in 
such reinforcing rings are computed and the results pre- 
sented in the form of charts (figs. 8 to 13). 

In order to reduce the scope of the computation only, 
the following monoooque shapes were considered: 



* "liber die bei Einleitung vpn Langskraften in Zyllnder- und 
Eegelsohalen auftretende Beanspruohung -von Ringspanten. 
Luf tfahrtf orschung, vol. 14, no. 2, February 20, 1937, 
pp. 63-70. 
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Cylindrical and . conical stapes. 

Cross section, circular or elliptical (ratio 
of semiaxes 2/3). 

Rings of. constant lending stiffness along 
their circumferences. 

Some of the most usual symmetrical and "antisymmet- 
rical" (i.e., one force tensile, the other compressive) 
loading conditions were considered from which, by superpo- 
position, different loading conditions could he obtained. 

In order to extend the range of applicability of the 
results, they were presented in such a form as to enable 
at least an estimate of the stresses to be obtained with 
stressed skin constructions of other cross sections. An 
estimate of this sort should bo sufficient since a knowledge 
of the accurate values of the moments in the rings is gon- 
orally not requirod. 

In order to bo able to make an intelligent applica- 
tion of the results, the general principles underlying 
tho computations will bo reviowed below. The computation 
procedure itself, however, will bo omitted. Only for the 
caso of the circle will tho formulas used for constructing 
tho charts be given. 

II. UNDERLYING PRINCIPLES 



Figure 1 shows a thin-walled sheet-metal tube fixed 
at its right-hand end. Let a concentrated force be applied 
in any direction at the left-hand end. ' Tho stress at a 
great distance away from the point of application of tho 
forco may be computed from the relations for an infinitely 
long prlsnatical beam ?.s given in textbooks on the strength 
of nnterials (linear distribution of axial stresses, etc., 
fig. 1). 

The stresses set up in the region where the forces 
aro takon up, depend on tho type of construction of tho 
end of tho tubo. In the case of vory thick-walled tubes, 
the bending stiffnoss of the sheet metal is considered 
sufficient to take up the stresses. Such casos will not 
bo considered horo. In tho case of the vory thin-walled 
monocoquo structures that wo shall consider below, wo shall 
assuno thr,t tho bond'ing and twisting strength of the shoot 
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metal is negligible.- Stiff ener frames are then required 
that are strong enough to take up the. stresses acting in 
their planes, such as, for example, latticework or rein- 
forcing rings that resist bending. 

The object of the present paper is to compute the 
bending stresses for such ring stiffeners; in particular, 
for the case where axial forces are to bo taken up. 



l a Reinforcing against a Transverse Force 

Whoro a transverse force is to be taken up in a thin- 
walled tube, only a single reinforcing ring lying in the 
plane of the transverse force 1b required. The stress 
distribution up to the reinforcing frame is that corre- 
sponding to the theory of infinitely long thin tubes. The 
stress in tho ring itself is determined from the equilib- 
rium botwoen the outer transvorse force and tho shoar 
stresses transmitted from tho sheot metal to the frame and 
corresponding to the axial stress distribution (fig. 2). 
The formulas for tho bonding strossos occurring with, this 
typo of loading for the case of tho circular reinforcing 
ring have boon givon by Profossor Pohl (roforonco 2). 



2* Reinforcing against on Axial Forco 

Whoro an axial forco is to be taken up, two reinforc- 
ing framos at a sufficient distanco from each other are 
requlrad at the end of the tubo . Furthermore, it is neces- 
sary to have a longitudinal member extending from the point 
of application of the axial force to tho second reinforcing 
ring and which may be rlvetod, for example, to tho sheot 
metal (fig. 3, top), To the right of the second ring, the 
stross distribution is the linear one corresponding to the 
infinitely long rod. To obtain the stress at the end of 
the tubo, we consider the equilibrium of tho portion of 
the tubo cut off to tho right of tho second ring (fig. 3, 
below). At tho right-hand end tho extornal force is that 
corresponding to tho stross distribution of tho infinitely 
long tube, and this force must' bo in equilibrium with the 
oxtern.?.l forco acting at the loft-hand end of the tube. 
This structure consisting of two roinforcing framos, tho 
longitudinal rod, and tho strossod skin is a statically 
determinate structure. If tho two framos are considered 
as flat disks, thon the spaco onclosod may bo considered 
■is simply connootod. 
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For tho strossod skin tho "shear flow" q, that is, 
tho shoar stress times tho trail thickness, is constant, 
along the gonorating lino of the tube as may readily ho 
soon "by noglecting tho bending strength of the metal. 
From this it follows furthor that tho axial forco docreasos 
linoarly along the tuho from the value P at tho loft- 
hand end to zoro at tho right. 

The "shear flow" q may be found from the following 
considerations of equllihrium: Imagine the cylindrical 
tubo, which is loaded by the axial force P, cut along 
some gonorating line as shown in figure 4. Thore will 
then act along the edge A~A a constant shear flow q 
whose valuo is to be determined (fig. 4, center). The 
value of q along any other line Z-X (fig. 4, below) i3 
obtainod from the equllihrium of the axial forces acting 
upon tho portion AX of the tuhe : 

u 

hq = hq^ + y'pdu + EP 
o 

In order to determino q^ we make a cut through the 

cylindrical shell near tho end ring parallel to the sur- 
face of the latter. In this surface (for example, in the 
riveting hetwocn tho tuho and tho ring), the shear flow q 
is transmitted from the tuhe to the reinforcing ring. 
Since it is assumed that there are no external forces act- 
ing in tho ring surface, the forces due to tho shear flow 
q nust "be in equilibrium. In particular, the moment 

about an axis perpendicular to the ring area must be zero. 
From this condition q^ is determined.* 

In the particular caso of symmetrical loading of a 
symmotrical sholl this .method of computing q^ is not 

nocoosary, q^ thon being dotorminod from considerations 

of syranotry. Tho value of tho shear flow q transmitted 
from tho tuho to tho ring is now known at all positions 
about the ring circumf oronco , and tho ring load consists 



*Thoro is first detorminod tho moment duo to the in- 

q. 

cremont of tho shear Aq = q - q^. Tho moment 2F q^ due 

to the incremont of shear A q^ must then he equal and 

opposite to tho moment (formula of Bredt). From 

q 

this it follows that q, = - M A /2F where F is the area 

A q 
enclosod hy the cylindrical shell. 
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of these shear forces held in equilibrium. The second re- 
inforcing ring., experiences an equal and opposite force. 

Figure 5 shows, for example, a circular tube in equi- 
librium under the action of an axial force at one ond and 
the corresponding linear stress distribution at the other 
end and the shear load transmitted from the tube to the re- 
inforcing ring. If these rings aro built up in the form 
of frames, the bending moments occurring in them are ob- 
tained from the usual computation for statically indoter-. 
minato framos with a degroo of redundancy of throe. These 
moments depend on tho bending strongth along the ring cir- 
cumf orenco. 

For monocoque conical tubes the following may be shown 
to be true. The bending momonts that arise in both rein- 
forcing rings in taking up tho forces P acting along the 
gonorating line (fig. 6) aro oqual and opposite in the two 
rings and have tho samo value as the bending moment for the 
case of a cylindrical tube of oqual loading P and whoso 
reinforcing rings are tho samo distance apart and of tho 
samo shapo, and whose linoar cross-sectional dimensions 
are equal to the goometric moan of the corresponding cross- 
sectional dimensions of the two rings of the conical tube.* 



* 

The proof is as follows: Let an axial force be applied in 
the direction of the gonorating line at the left ond of the 
portion of the conical tube botweon the two rings (fig. ?)• 
At the other ond, in tho direction of the generating lines, 
there is a load distribution whose axial components in the 
same manner as for the cylindrical tube may be assumed as 
linear. The conical tube portion is in equilibrium under 
those forces as may roadily be shown (all tho forces pass 
through the oono vertox). If we now imagino tho circum- 
ference of the right reinforcing ring to be divided into a 
definite number of parts, thon tho axial component of tho 
forco appliod to each part is independent of the else of 
the ring. Thus the axial component does not change if the 
cone is converted into a cylinder. The bending moments in. 
the rings at the ends of the conical tube portion included 
between tho two rings are now computed in the general form* 
From this computation the result is obtained that these 
bending momonts for a given form of cross section of tho 
tube and glvon loading (and thus also for given values of 
tho axial compononts) aro proportional to tho product of tho 
linear dimensions of tho two rings. For a conical tube 
these bonding momonts aro thoroforo of tho same magnitudo as 
for a cylindrical tubo >->f oqual form of cross section, oqual 
longth, and oqual loading whon those products are also tho 
samo, as was to bo provod. 



6 



N.A.C.A. Technical" Memorandum N.o. 847 



Having thus- carried out the computation of the ring mo- 
ments for cylindrical tuhos, these moments may at once he 
given for the conical tubes. 

III. EESULTS 

' Following the method indicated above, the bending mo- 
ments arising -in rings used for reinforcing against longi- 
tudinal forces in conical tubos were computed for several 
particular shapes, and the computations enable tho designer 
to obtain an estimate of the moments also for other similar 
shapes. Tho particular shapes considered were: 

Bulkhoad rings of constant bending strength along 
thoir circumf cronco , circular rings, and elliptical rings 
with somiaxis ratio 3:2. 

1. Notation 

b lt length of semiazis of elliptical end ring represent- 
ing symmetrical of "antisynmetrical 11 loading condi- 
tion. For the circlo h ' becomes equal to tho radius 



ai , length of tho other semia::cs of the elliptical ond 
ring or the radius of tho circle. 



b s , a a , lengths of the corresponding semiazis of tho sec- 
ond reinforcing ring. 

h, distance apart of tho two reinforcing rings. 

M^, bending moment in tho rings. is considered posi- 

tive when tho outside fiber of the end ring is under 
tension, and in tho second ring under pressure 

v/u, nondinon3ional coordinate of tho point at each ring 
whoro tho bonding monont acts; v donoting tho 

longth of arc measurod. along tho -ring circumference 
from tho point B on tho ozis of symmetry, and u 
the somiclrcumf cronco of the ring. (See skotch, fig. 

8.) 
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notation (Gont. ) 

<P, the angular coordinate corresponding to v/u for the 
circle. 



P, the force applied at the end ring in the direction og 
the generatrix. Tensions are considered as positive. 

x/ar. nondimonsional coordinates of the point of application 
} of the force. Por the circle and the ellipse "both co- 
y/hr* ordinates are connected by tho rolation 

x a y a 

? + ^ = 1 

<P 0 1 in the case of the circLd .tho . angular distance of tho 
point of application of tho force from the axis of 
oymnetry or antisymmetry . 

m, m', the moment coefficient corresponding to the moment 
U-j, of the symmetrical forces P.. 

ii, the cxtornal moment about the axis b x due to the an- 
tiaymmotric forces P. 



n ( n 1 , tho momont coefficient corresponding to tho moment 
U of tho nonsymmetric forces P at tho end ring. 



2. He suit s for Symmetrical Loading 

Tho symmetrical load chosen consisted of two equally 
large tonsilo forces P. As a particular oaso , the two 
forcos P coincide to nroduco a single foroo of magnitude 
2P. 

Tho rosulto were presented nondimensionally in the 
form of a moment coefficient corresponding to the bending 
momont in tho ring. For tho circlo and for tho two 

ollipsos this coefficient is plottod as ordinate on tho 
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figures (8, 9, 10) against tho abscissa v/u, at which 
the bending moment M D is applied. The equal and oppo- 
site "bending moments in the two rings are 

3,-t D n a 9 b , 

Uh m m P = _ m P 

Tho different m curves apply to tho different points 
of application of the load P, the value z/a^ being cho- 
sen as the parameter of the system. The heavy drawn curves 
correspond to positive values of y/bi while the lightly 
drawn curves correspond to negative values. For the cir- 
cle tho mathematical relation holds: 

Nos qp || cos qp 0 - (tt - cp 0 ) sin qp 0 J- 

a? <x>r, a tt 8 1 

+ qp sin Cp cob <Pq — g - — -H^- + tt qp Q - + 11 

applicable to the range 0 < qp < qp 0 . For qp > qp 0 the re- 
lation is: 

M * = Tr"h~ [ C0B * (I C0B + ^o 8ln <P 0 ) 

- (ir-qp) sin qp cos qp 0 - ~ - + TTqp- ! ^+lJ 

Example.: Let an axial force of 1,000 kilograms act on 
a cylindrical tube of radius ai = bj. = e a = b a = 60 cm 
with h = 80 cm. The bonding moment in the ring with 2P = 
1,000 kg, ? = 500 kg is: 

where m has the value given by the curve =0 in fig- 

ure 8. The maximum bending moment corresponds to the max- 
imum value of m and therefore occurs for the position 

^ = 0; that is, at the point of application of the force, 
and amounts to 

M-b = 500 X x 0.067 = 1,500 kg cm 

If four equal forces P are applied and two of these 
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symmetrically lying forces are directed opposite to the 
other two,' then this load represents an external "bending 
moment, for which the ring moment M-j, is again given "by 
the figure (8). 7e have, namely, 

P a, h, , 
*b 1~ iAm 

where A m. is the difference in the ordinates of the two 
m curves, corresponding to the two points of application 
of the forces. 

The formula for the circle for the region 0 < cp < cp 0 is 
M * = T?~h~ [ cos * { 5 coa *b " (Tr-2qp 0 ) sin qp Q } 

+ 2qp sin qp cos % - ^ + tt qffcj 

and for qp > qp Q 

M D = £ C0B o? ^5 cos qp 0 + 2qp Q sin qp Q } 

- (n-2cp) sin qp cos qp 0 - l£ + tt qpj 

The particular case is to he noted where % = 2, corre- 
sponding to a load of two pure "bending moments. If the 
magnitude of "both moments is 211, then 

M-b = [3 cos cp + 2qp sin qp - tt] 

tt n 

Einmple : A bending moment is to be transmitted in an 
elliptical conical shell ' (b x = 60, a x = 40, ha ■ 48, 

a a = 32, and h = 80 cm). Tour forces F = 1,000 kg act 

symmetrically with respect to the major axis b of the 
ellipse. Tor two of the forces x = 28 cm, and for the 
other two x = 38.8, ring I. 

a) Tor all of the four forces acting on the same 
side of the minor axis, the heavy curves 
i x/ax = 0.7 and x/ai = 0.97 aro to he con- 

sidered. ' The maximum difference in the m 
values betwoen these two curves, according to 
figure 9, occurs for v/u = 0.48 and amounts 
to 0.047. 
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The maximum moment is therefore 

M = Q.047 1 0Q0 X 40 X 4 fl = 1130 cm fc 

D max 80 

b) If the two pairs of forces act on different sides 
of the minor somiaxis, tho heavily drawn curvo 
(i/ai = 0.7) and tho lightly drawn curve 
(z/ai = 0.97), are the ones considered. The 
maximum difforence now obtained for the m val- 
ues for v/u = 0 is 0.057. Thus, the maximum 
moment now is 

Mv = 0.057 100Q- X 40 X4Q = 137Q cm fc 
D nax 80 



3. Results for 11 An ti symmetrical " Loading 

As an anti symmetrical loading thero are chosen a ten- 
silo force P and a compressive force of equal magnitude 
-P, which together oxert an oxternal moraont M about tho 
axis b x , 

Tho results are prosonted in nondimonsional form in 
terms of a moment coofficient n. This value is computed 
for tho circle and plottod on figure 11 as ordinate. The 
bonding monont in tho ring is then 

M b - n 

Tho formula for a couple P, -P valid for the range 
0 < cp < cp Q is 



M b - * b. 



sin «p{§ sin <P 0 + ( Vmm % ^ cos cp 0 | 

- cp cos cp sin cp Q - cp (tt— % ) J 



and for cp > cp Q 



u P c B 



sin cp {| sin cp Q - cp Q cos cp 0 ^j 

+ (w-cp) cos cp sin cp Q - cp 0 (-n-cp)J 
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Horo too there is a limiting case for q> 0 = 0, correspond- 
ing, to a. pure moment U at the position qp a = 0. The for- 
mula ohtainod is 

M T> " UtTE [l Bln * " (1-oob qp)J 

On suporimpoBing another couple P, -P in analogy 
to the previous case considered, ire have for 0 < qp < <p 0 

Mb = J-g^- [sin q> {5 sin q> 0 + (rr-2qp 0 ) cos q> 0 } 

- 2q> cos tp sin <P Q - tt <pj 

This case corresponds to tho one previously consid- 
ered, rotatod by tt/2, and tho formula nay in fact he ob- 
tained from tho othor by a transformation of coordinates. 

■ E xample ; Lot two equal and oppositely diroctod forcos 
of 1,000 kilograms oach bo applied at the end of a circu- 
lar conical shell- (ai = "bi =60, Oq =■ b a =50, and h = 

80 cm). Let the angle subtended at the centor be 100°. 

We first compute tho moment H of tho two forces about the 

axis bi . Wo havo : 

x = aj. sin 50° = 60 X 0.766 = 46 cm 

U = P X 2x = 1,000 X 92 = 92,000 cm kg 

The bonding moment in the reinforcing ring, therefore, is: 

where for x/ai = 0;766, n is to be obtained from figure 

11 by interpolation. The maximum value of n occurs for 
v/u = 0.23 and is equal to 0.040. The maximum moment in 
each ring is, therefore: 

U-u = 92,000 X 50 * 60 x 0.040 = 2,520 cm kg 
max 80 



Example : Let four forces be applied at the end of 
the cylindrical shell (H = 60 cm, h = 80 cm) that havo 
a rosultant zero. One pair of oppositely directed forcos 
is appliod at <p 1 = 30° and possesses the moment M 0 = 
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100,000 cn kg. Tho othor oppositely directed pair act at 
cp a = 135° and oxort an equal and opposite moment. To 

havo : 

M b = M o I \M X " (»)_ 1 

n L f = 0.5 f = 0.7 0 7-1 

a a 

y y 

— = positivo — = negative 

Tho maximum differonce botwoon the values in the brackots 
occurs, according to figure 11, for <p = 41° and amounts 
to n x - n a = 0.087. Thus 

M-u = 100,000 x |S X 0.087 = 6,530 cm kg 
u max 80 

Figure 13 shows tho particular case for two pairs of 
forces corresponding to a pure moment. This figure is used 
to particular advantage when the maximum moment in the ring 
and not tho point applied, is desired. The graph clearly 
shows tho larfl;o oscillations undergone by the maximum 
stress depending on the position of the points of applica- 
tion of tho forces. 



17. EXTEHSION OP APPLICABILITY OP TEE RESULTS 
1. Other Forms of Heinf orcin.* Frames 



In ordor to extend tho range of applicability of the 
computations which have been carriod out for only three 
particular forms of reinforcing rings, it was attempted to 
find such nondimonsional values for the abscissa, ordinato , 
and paranotor of tho point of application of the forces, as 
to covor tho curvo families for all throe forms as far as 
possible. This point of viow lod to the choico of tho vari- 
ables m, n, v/u, x/a, and y/b as givon above. Tho com- 
parison nade in figuro 12 of tho symmetrical loading for 
sovcral points of application chows quito good agreement 
with tho groups of curvos. In particular, if tho compari- 
son is mado , for dofinito points of application, betwocn 
tho maximum values of m for tho ellipse with those for 
the circle, then the difference amounts to - at most - 20 
percont. 
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Frpm the above agreement, the following rule may ho 
set up for estimating an upper limit for Ijhe maximum bend* 
thg moments for ellipses with othor seiniaxts ratios and for 
other elliptical-shaped frames r for example, those put to- 
gether out of four circular arcs: 

For the given end frame with semioxes ai and hi, 
the ratios x/ai and y/b x corresponding' to the given 
points of load application, are determined. The maximum 
value of m or n is taken for the less favorable of 
these two ratios from figures 8 f 11, or 13 applicable to 
circular forms. The maximum bending moment for the given 
form of reinforcing ring is then approximately 

a, b s 
M D - P -V 5 -. ■ 

or 

U„ - M |& n 



The value obtained is then multiplied by the larger of 

the two values ,/si/b and ,/b/a. 

Exam ple : Given a cylinder having a cross section simi- 
lar to an ellipse with semiaxes a = 45, b = 75 , and dis- 
tance h = 80 cm. Four forces, each of 1,000 kilograms, 
are applied at the four points with coordinates x/a = 
±0.65 and y/b = ±0.8 and produce a pure moment about the 
axis b. The coordinates i, y do not satisfy the ellipse 
equation to the value y/b = 0.8, corresponding to a value 
x/a = 0.60 pn the ellipse. According to figure 13, there 
corresponds, for the circle, to the value x/a =0.60 a 
value n = 0.0043; to x/a = 0.65 a value n = 0.0039. 
The larger value is the one used. Hence,' 

Is , „ 45 X 75 _ - _ . _ _ „_ 

M-w = P - . n = 1,000 X — — X 0.0043 = 181 cm kg 

D h 80 

Multiplying by the correction factor Th/a the final re- 
sult becomes 

Mv = 181 / ?| = 234 cm kg 
•J 45 
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2. Reinforcing Frames, with Variable Strength in Bending 

For those frames whose strength in "bending varies 
along tho circumference', it generally will, not he diffi- 
cult to estimate the maximum values of the bending moments 
on the "basis of the above-computed results. If the frame 
is built so as to have a constant moment of inertia' and is 
roinforced only at the places of maximum bending moments, 
then tho strain enorgy in bending - that is, the moan val- 
ue of the momonts squared - decreases at the nonre info reed 
portion of the member. It will always be on the safe side 
therefore to dimension this nonreinf orcod portion in ac- ■ 
cordanco with the maximum momont which would occur at this 
portion if tho bending strength were constant all ahout 
the circumference. 

V. SUMMARY 



In taking up the axial forces in monocoque structures, 
bending moments are set up in the reinforcing rings. For 
tho caso where two reinforcing rings are provided to take 
up tho forces, the bending moments are determined for sov- 
oral loading conditions and plotted on charts, thus romoving 
tho burden of involved computation from tho designer. 



Translation "by S . Reiss, 
Hp.tional Advisory Committee 
for Aoronautics. 
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Ring loading due 
to a transverse 




Figure 1.- Stress distribution at a 

position far removed from 
the point of application of an arbi- 
trarily directed force. 





Figure 3.- Transmission of an 

axial force in a 
cylindrical shell. 



Figure 4.- Axial force distribution 
on cylindrical shell. 




Figure 5.- Frame loading of a 

circular cylindrical 

shell. 




K 




Figure 8.- Moment coefficient for symmetrically Figure 9.- Moment coefficient for symmetrically <g 
loaded circular ring. loaded elliptical ring with aemi- 

axee ratio ai/bi»3/3. °> 

to 





Figure 11.- Moment coefficient ^"anti- 
symmetrically "loaded circu- 
lar ring. 





Figure 13.- Maximum moment coefficients for 
circular rings. 

1, depending on the moment H a of the load £2 

2, depending on the magnitude of the * 



concentrated force P h 

to 

* 
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